This paper presents an enriched performance measure approach (PMA+) for reliability-based design optimization (RBDO) to substantially improve computational efficiency when applied to large-scale applications. Three aspects of PMA+ are presented: as a way to launch RBDO at a deterministic optimum design, as an efficient probabilistic feasibility check, and as a fast reliability analysis under the condition of design closeness. It is found that deterministic design optimization helps improve numerical efficiency by reducing some RBDO iterations. Unlike deterministic design optimization, a significant computational burden is imposed on the feasibility check of constraints in the RBDO process due to the costs of a reliability analysis. Such difficulties can be effectively resolved by using a mean value (MV) first-order method with an allowable accuracy for the purpose of feasibility identification, and by carrying out the refined reliability analysis using the hybrid mean value (HMV) firstorder method for ε-active and violate constraints in the RBDO process. In addition, the fast reliability analysis method is proposed by reusing some of the information obtained at the previous RBDO iteration to efficiently evaluate probabilistic constraints at the current design iteration under the condition of design closeness. Other RBDO methods have recently been developed to enhance numerical efficiency of RBDO while maintaining numerical accuracy and stability. Thus, the PMA+ is compared to existing RBDO methods from a numerical efficiency and stability point of view. For a numerical understanding of the RBDO process, several numerical examples are provided, including a large-scale multi-crash application. 
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INTRODUCTION
Due to the extensive efforts of engineering disciplines over last three decades, design guidelines and/or standards have been modified to incorporate the concept of uncertainty into an early design stage. In response to these new requirements, various methods have been developed to treat uncertainties in engineering analysis and, more recently, to carry out design optimization with the additional requirement of reliability. The latter is referred to as reliability-based design optimization (RBDO). A significant computational burden is required to perform a feasibility check of probabilistic constraints, since their feasibility is identified through a complete reliability analysis. Moreover, while a wealth of information is generated to evaluate probabilistic constraints, they are not reused in the RBDO process. This paper thus focuses on developing new and efficient evaluation methods of probabilistic constraints in RBDO without sacrificing numerical accuracy and stability. That is, an efficient feasibility identification of probabilistic constraints is attained using an efficient mean value (MV) firstorder method and a fast reliability analysis is obtained using the condition of design closeness.
During the initial efforts of RBDO development, the RBDO model was developed by defining a probabilistic constraint as the reliability, a so-called reliability index approach [1] [2] . Then, an inverse approach was proposed by formulating RBDO with a probabilistic performance measure (PMA) [3] [4] [5] . In addition, issues in efficiency and stability between the two distinct approaches, reliability index approach and PMA, have been thoroughly addressed [4] . The RBDO process interactively executes two optimization models: design optimization in an original random space and a reliability analysis in a standard normal random space, which involves nonlinear mapping for a given probability distribution. It has been found that nonlinear mapping augments a degree of RBDO nonlinearity in the reliability index approach, whereas PMA is almost independent of the mapping [6] . In the last decade, a single-loop strategy [7, 8, 9] has been proposed to improve numerical efficiency. Moreover, two decent RBDO methods were developed to decouple a design optimization and reliability analysis by shifting probabilistic constraints [10, 11] . Recently, some approaches to RBDO, specifically the reliability index approach, PMA, and approximate moment approach [12] , were thoroughly compared in terms of numerical efficiency, accuracy, stability, and degree of complexity. It has been found that a response surface method using moving least squares approximation can be successfully integrated into the RBDO process [13] .
In this paper, an enriched performance measure approach (PMA+) is proposed to make RBDO computationally affordable for large-scale applications. Two different methods are presented for PMA+: an efficient feasibility identification of probabilistic constraints and a fast reliability analysis under the condition of design closeness. The feasibility identification suitable for probabilistic constraints in RBDO can be carried out by employing the MV first-order method that provides an allowable degree of accuracy for the purpose of feasibility identification. Once the feasibility status of probabilistic constraints is identified by the MV first-order method, a refined reliability analysis is performed using the hybrid mean value (HMV) [4, 6] first-order method to evaluate ε-active and violate constraints. Consequently, it is shown that the proposed feasibility check for probabilistic constraints substantially improves the numerical efficiency of the RBDO process.
During RBDO iterations, plenty of information is generated to evaluate the cost and probabilistic constraints, and to update the design. Some of this information could be reused to evaluate probabilistic constraints efficiently at the next iteration using the condition of design closeness. In other words, under the condition that two consecutive designs in the RBDO process are close enough, a reliability analysis is carried out efficiently by starting at the MPP obtained from the previous iteration, instead of at the mean value point of the current design iteration. The proposed fast reliability analysis method is integrated with the HMV method to evaluate probabilistic constraints efficiently. Large-scale industrial applications are used to demonstrate the numerical efficiency of the proposed PMA+ in RBDO by comparing it to other RBDO methods.
RELIABILITY-BASED DESIGN OPTIMIZATION 2.1 RBDO Model for Performance Measure Approach
For general engineering application, the RBDO model [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] can be formulated as
where
is the random vector, and n, nr and np are the number of design parameters, random parameters, and probabilistic constraints, respectively. The probabilistic constraints are described by a probability constraint ( ) ( )
. The statistical description of the failure of the performance function
where the reliability of failure is described as
In Eq. (3), ( ) f X x is the joint probability density function of all random parameters. Its evaluation requires a reliability analysis where multiple integrations are involved, as shown in Eq. (3). Some approximate probability integration methods have been developed to provide efficient solutions, such as the first-order reliability method (FORM) [14, 15] , or the asymptotic second-order reliability method (SORM) [16, 17] with a rotationally invariant measure as the reliability. FORM often provides adequate accuracy and is widely used for design applications. In FORM, the reliability analysis requires a transformation T [18, 19] from the original random parameter X to the standard normal random parameter U. The performance function ( ) G X in X-space can then be mapped onto
The probabilistic constraint in Eq. (2) can be expressed as a performance measure through the inverse transformation of ( )
where i p G is the i th probabilistic constraint. In Eq. (4), the probabilistic constraint in Eq. (1) can be replaced with the performance measure, which is referred to as the performance measure approach (PMA) [3] [4] [5] [6] 12, 13] . Thus, the RBDO model using PMA can be redefined as minimize 
General optimization algorithms can be employed to solve the optimization problem in Eq. (6) . However, a hybrid mean value (HMV) first-order method is well suited for PMA due to its stability and efficiency [4, 6, 12, 13] .
Reliability Analysis Tools for PMA
Three numerical methods [4, 6, [10] [11] [12] [13] 19, 20] for PMA were used to solve Eq. (6): the advanced mean value method [11, 20] in Eq. (8); the conjugate mean value method [4, 6, 12] in Eq. (9); and the hybrid mean value (HMV) method [4, 6, 12] in Eq. (10).
( 
Although the advanced mean value method behaves well for the convex performance function in PMA, it was found to have some numerical shortcomings, such as slow convergence, or even divergence, when applied to the concave performance function. To overcome this difficulty, the conjugate mean value method was proposed [4, 6, 12] . The conjugate steepest descent direction significantly improves the rate of convergence as well as stability, as compared to the advanced mean value method for the concave performance function. However, the former is not as efficient as the latter for the convex function. Consequently, the hybrid mean value (HMV) method was proposed to attain both stability and efficiency in the MPP search for PMA [4, 6, 12] . The HMV method employs the criterion for the performance function type near the MPP. Once the performance function type is identified, either the advanced mean value or conjugate mean value method is adaptively selected for the MPP search. The numerical procedure of the HMV method is presented with some numerical examples in Ref. 4 .
RBDO METHODS OF PMA
In last decade, many attempts have been made to enhance numerical efficiency of RBDO through the development of three different RBDO methods: a parallel-loop, serial-loop, and single-loop RBDO method. Both the parallel and serial loop RBDO methods have a double-loop structure: a reliability analysis and a design optimization. In contrast, the single-loop RBDO method removes one loop in the reliability analysis process, but could cause numerical instability and inaccuracy. This section discusses in detail the three different RBDO methods.
Parallel-Loop RBDO Method
A parallel-loop RBDO method has a double-loop structure, where two loops (a reliability analysis and a design optimization) are positioned parallel to one another. In the parallel-loop RBDO method, a reliability analysis is performed while carrying out the design optimization, such that probabilistic constraints are estimated along with the design process. The parallel-loop RBDO method is formulated as
is the MPP of the i th probabilistic constraint. The MPP search is expensive computation, requiring iterative reliability analyses for all probabilistic constraints.
Serial-Loop RBDO Method
The basic idea of a serial-loop RBDO method is to decouple the reliability analysis from the design optimization. The overall procedure involves carrying out a design optimization with deterministic constraints shifted by a degree of violation of reliability requirements obtained at the previous design iteration, and then to perform a reliability analysis that assesses the degree of violation of the reliability requirements. However, this method still has the double-loop structure, where two loops are serially connected.
The serial-loop RBDO method was proposed in different ways by defining a constraint shift [10] and a design shift [11] . In order to consider a degree of violation of reliability requirements, the constraint or design shift can be obtained through a reliability analysis. The serial-loop RBDO method using a constraint shift is formulated as min Cost( ) The serial-loop RBDO method using a design shift is formulated as min Cost( )
where i s is a design shift for the i th constraint obtained by solving Eq. (6) . Once the design shifts are obtained through iterative reliability analyses for all constraints, this method requires the same number of response analyses as the number of probabilistic constraints, because of the design shift
However, this method may converge faster than the serial-loop RBDO method using a constraint shift, since the design shifts correctly capture degrees of violation of reliability requirements.
Single-Loop RBDO Method
The single-loop RBDO method was proposed to enhance numerical efficiency in the RBDO process by eliminating numerical iterations in the reliability analysis. Two different approaches were made: using the MV first-order reliability method [7] or using the steepest descent direction at the MPP of the previous design ( ) k d [8, 9] . Thus, the single-loop structure benefits this method by improving numerical efficiency. However, it is well known that single-loop RBDO using a mean value method shows numerical inaccuracy or instability, due to inaccurate estimation of probabilistic constraints in the RBDO process. The single-loop RBDO using the previous steepest descent direction improves numerical accuracy of evaluating probabilistic constraints as more iterations are made in the RBDO process. However, it has been reported in Ref. 8 and this paper that the single-loop structure could lead this method to numerical instability, since this method do not satisfy KKT necessary condition in Eq. (7).
PROPOSED ENRICHED PMA (PMA+) OF RBDO
In this paper, an enriched PMA (PMA+) is proposed to enhance numerical efficiency while maintaining stability in the RBDO process. PMA+ functions as an extended version of PMA by integrating three key ideas: as a way to launch RBDO at a deterministic optimum design, as a probabilistic feasibility check, and as a fast reliability analysis under the condition of design closeness. Even if categorized as the parallel-loop RBDO method, PMA+ becomes very efficient by taking advantage of deterministic design optimization and utilizing the information generated in the design process. Hence, this section discusses the three key ideas behind the PMA+ of RBDO.
Launching RBDO at a Deterministic Optimum Design
Even though deterministic design optimization leads to an unreliable design, the resultant design is generally closer to a reliability-based optimum design than an initial design, as shown in Fig. 1 . Therefore, starting from the deterministic optimum design in the RBDO process improves numerical efficiency by reducing the number of RBDO iterations. The overall design procedure of PMA+ in RBDO moves a design to the deterministic optimum design efficiently, and then moves the design back to the feasible region to obtain a reliabilitybased optimum design. 
Feasibility Check for Probabilistic Constraints
Unlike deterministic design optimization, the feasibility of probabilistic constraints at a design point must take system uncertainties into account through a reliability analysis. This paper proposes an efficient feasibility identification of probabilistic constraints without involving a complete reliability analysis, but while maintaining numerical accuracy. A feasibility check scheme for probabilistic constraints and a set of potential probabilistic constraints are discussed in this section.
A Feasibility Check for Probabilistic Constraints
A significant computational burden is needed to perform a feasibility check of probabilistic constraints because a number of reliability analyses are required. Such difficulties underscore the need to develop an efficient feasibility check for probabilistic constraints in RBDO. This check can be efficiently carried out by employing the MV first-order method, which provides an allowable degree of accuracy for the purpose of feasibility identification. Once the feasibility of probabilistic constraints is identified using the MV first-order 
A Set of Potential Probabilistic Constraints
A strategy of potential probabilistic constraints plays an important role in searching out a design direction by analyzing potential probabilistic constraints and their sensitivities. Numerical algorithms that only use gradients of a subset of the probabilistic constraints are said to be a strategy of potential probabilistic constraints. A set of potential probabilistic constraints comprised of ε-active and violated probabilistic constraints at the k th design iteration is defined as
This set can be efficiently identified by the MV method and then accurately evaluated using the HMV method to search out a design direction in the RBDO process.
A Fast Reliability Analysis Under the Condition of Design Closeness
In this section, additional efforts are made to reduce the computational burden in the RBDO process when evaluating probabilistic constraints. The goal is to perform the reliability analysis more quickly and efficiently by utilizing information obtained at the previous design iteration under the assumption of design closeness. It is anticipated that the fast reliability analysis will save numerical computation time toward the end of the design iteration when consecutive designs tend to be close. The proposed method for reliability analysis is numerically implemented with the HMV method.
Design Closeness for Fast Reliability Analysis
It is assumed that the mean of the uncorrelated random vector is taken as the design vector. When design closeness is satisfied, a fast reliability analysis is carried out, thus evaluating probabilistic constraints more efficiently. Design closeness can be defined as 
Mathematical Support for the Fast Reliability Analysis in RBDO
It is shown in this section that design closeness leads to MPP closeness in standard normalized U-space. First, design closeness can be used to derive MPP closeness, as follows:
where µ is the mean vector of random vector X and (17), which can be rewritten as
By assuming the RBDO process to be monotonically convergent, the information at the previous step can be used
Using the second condition of design closeness in Eq. (15), Eq. (19) can be rewritten to provide MPP closeness at the current design as ( ) ( 1) or
and
Thus, the condition of design closeness leads to MPP closeness in U-space. Consequently, a reliability analysis can be carried out efficiently by starting at the MPP obtained from the previous design iteration, instead of at the mean value point of the current iteration.
A Fast Reliability Analysis in RBDO
Once design closeness and MPP closeness in X-space are verified, a fast reliability analysis can be achieved by initiating a reliability analysis for a new design at the MPP obtained from the previous design, instead of at the mean value point. As shown in Fig. 2 , the fast reliability analysis is performed under the assumption of design closeness. The proposed reliability analysis method is integrated with the HMV method of the performance measure approach to obtain an accurate and efficient reliability analysis and RBDO. 
where nonlinear performances are defined as Table 1 displays the numerical results of several different methods: the conventional parallel-loop RBDO method (PMA), the proposed RBDO method (PMA+), the serial-loop RBDO method with a design shift (Serial 1), the serial-loop RBDO method with a constraint shift (Serial 2), and the single-loop RBDO method (Single) using the previous steepest descent direction. In Table 1 , FE, DSA, and FDM represent a function evaluation, design sensitivity analysis, and finite difference method, respectively. An equivalent number of FE is computed by NFE+NDSA×NRV×κ 1 when using the continuum sensitivity method [21, 22] . Using FDM, an equivalent number of FE is computed by the formula NFE+NDSA×NRV. As shown in Table 1 and Fig. 3 , single-loop RBDO method is diverged, since the KKT necessary condition in Eq. (7) is not satisfied. In other words, probabilistic constraints and their sensitivities that are inaccurately evaluated using the information obtained from the previous design iteration in single-loop RBDO method cause the divergence of single-loop RBDO method. Compared to conventional PMA, the proposed PMA+ method improves numerical efficiency by more than 60%, to which the three key ideas discussed in Section 4 contribute. As a result, PMA+ method is found to be more efficient than the other methods. Except single-loop RBDO method, all RBDO methods provide the same optimum design and objective value.
Vehicle Multi-Crash Modes [23]
As shown in Figs. 4-7 , a large-scale design application is used to demonstrate the efficiency of the proposed PMA+ by comparing it to other existing RBDO methods. The design objective is to enhance overall performance of multi-crash modes with a target confidence level while minimizing the vehicle weight. Detail discussions of multi-crash modes are 
RBDO Example for Vehicle Side Impact [25]
First, a vehicle side impact is only employed to demonstrate the efficiency of the proposed PMA+ of RBDO. The problem is in detail described in Refs. 6 and 11-13. Ten performance measures are used to determine human safety. The design objective is to enhance side impact crash performance with a 3σ confidence, while minimizing vehicle weight. Of course, the RBDO problem of crashworthiness for side impact is defined in the same fashion [6, [11] [12] [13] .
The PMA+ result of RBDO is shown in Figures 8 and 9 . Four design iterations (1 st to 4 th iterations) are made in deterministic design optimization, and three more iterations (5 th to 7 th iterations) are made in the RBDO process. However, five RBDO iterations are required to attain the reliability-based optimum design without the aid of deterministic design optimization. Note that deterministic design optimization helps to improve numerical efficiency by reducing a couple of RBDO iterations. The 4 th design is same as the 5 th design, but feasible constraints at the 4 th iteration become violated at the 5 th iteration, because constraints at the 5 th iteration are probabilistic.
Results for all RBDO methods are summarized in Table 2 . It is again shown that PMA+ is more effective than the others, in terms of numerical efficiency and stability. The Serial 2 RBDO method with a constraint shift fails to find the optimum design, since the method is unable to properly shift boundaries of constraints that are complex and nonlinear. Moreover, the single-loop RBDO method again diverges to an infeasible Figure 9 . Probabilistic Constraints History for Side Impact design for 2 nd and 8 th probabilistic constraints. This paper reported 181 analyses for the Serial 1 RBDO method with a design shift; however 530 analyses were reported in the original paper for the same problem [11] . This is because all RBDO methods in this paper utilize the proposed efficient probabilistic feasibility check and fast reliability analysis under the condition of design closeness. 
RBDO Example of Multi-Crash Modes [23]
A large-scale example of multi-crash modes is employed to show the numerical efficiency of the proposed PMA+ method. The design objective is to enhance overall performance of multicrash modes while minimizing vehicle weight and satisfying the target reliability of 3σ. The properties of design and random parameters are provided along with the deterministic and reliability-based optimum designs in Ref. 21 .
There are a total of 30 design variables in the optimization problem: 10 system (or global) design variables common to all crash modes, and 20 local design variables defined in the front impact and front offset impact (5), roof crush (10), and side impact (5) . All design variables are treated as random variables with different types of probability distribution, as shown in Table 3 . All RBDO methods yield the same reliability-based optimum design, objective value, and feasibility status of probabilistic constraints. The three-sigma optimal design and probabilistic constraints at that design are shown in Tables 4 and 5 , respectively. It is interestingly found that the Serial 2 RBDO 
DISCUSSIONS AND CONCLUSIONS
The PMA+ method for RBDO has been proposed to considerably increase numerical efficiency while maintaining numerical accuracy and stability. Three aspects of PMA+ were presented: as a way to launch RBDO at a deterministic optimum design, as an efficient probabilistic feasibility check, and as a fast reliability analysis under the condition of design closeness. By starting from the deterministic optimum design in the RBDO process, the number of RBDO iterations is reduced, significantly improving numerical efficiency. It has been demonstrated that a computational burden on the feasibility check of constraints in the RBDO process can be relieved by using the mean value (MV) method with an allowable degree of accuracy for the purpose of feasibility identification, and by carrying out a refined reliability analysis using the HMV method for ε-active and violate probabilistic constraints. In addition, it has been shown that a reliability analysis becomes more efficient by reusing information generated at the previous design when designs at two consecutive iterations are close enough.
The proposed PMA+ method has been compared to other existing RBDO methods, such as serial-and single-loop RBDO methods. The serial-loop RBDO method successfully decouples a double-loop in RBDO into two separate single loops with constraint or design shift. However, it is observed that the decoupling process with constraints or design shifts could hurt either numerical instability or inefficiency, since probabilistic constraints at some designs could be evaluated incorrectly. The single-loop RBDO method removes an inner loop of reliability analysis by using the previous steepest descent direction at the current design. But this method may often encounter numerical divergence, since it fails to satisfy the KKT necessary condition. In other words, probabilistic constraints and their sensitivities that are inaccurately evaluated using the information obtained from the previous design iteration in single-loop RBDO method cause the divergence of single-loop RBDO method.
ACKNOWLEDGEMENTS
Research is partially supported by the Automotive Research Center sponsored by the U.S. Army TARDEC and by Ford Research Laboratory for providing the example of multicrash modes.
